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In this note we establish the non-solvability of a certain diophantine 
equation in four variables. 
THEOREM. In terms of the normalized binomial mid-coelficients 
1.3.5. ... .(2n-1) 
2.4.6. . . . .2n ’ 
n = 0, 1, 2, . . . . the diophantine equation 
has only the trivial solutions (p, q) = (r, s) and (p, r) = (q, s). 
Equivalently: There are no integers p, q, r, s > 0 such that p < q d r < s and 
2p+ 1 2q-1 2r+l 2s- 1 -. . . . .-=-. . . . .- 
2p + 2 2q 2r + 2 2s . 
(2) 
The motivation behind the study of Eq. (1) is that, as shown in [2], the 
numbers pLyp, (q, r = 0, 1, 2, . . . ; q d r) are precisely the eigenvalues of 
Liouville’s integral operator for the case of a planar circular disc of radius 1 
lying in R3. The question thus arose whether it can occur that pPpLs = pLypLI 
for distinct pairs (p, s) and (q, r) (with p <s, q B r, say). The result of the 
present note means that this degeneracy cannot occur. As to Liouville’s 
operator see Berg and Liitzen [l] and references therein to Liouville’s 
published and unpublished work on this subject. 
For the binomial mid-coefficients (T) themselves it has been shown by 
Erdijs [3] and Moser [4] that no single such coefficient can be the 
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product of two or more others. Despite the apparent similarity between the 
two results they seem to be different in nature. 
The proof of the above theorem given in the present note is due to the 
first named author. It replaces a longer proof given shortly before by the 
second named author (unpublished), in which the contradiction (12) below 
was deduced from (1) using only little number theory and a weaker form 
of (6) below, the main tool being Stirling’s asymptotic expansion of the 
Gamma function, and hence of ,u, = T(n + i)/& nT(n), up to the residual 
term of order l/n’. 
Proof As to the equivalence of the two formulations we may clearly 
assume in (1) that p < q, r, s, and further that (leaving out the stated trivial 
solutions) p < q, r < s, and so Eqs. (1) and (2) are equivalent. Moreover, if 
p < r <s <q (with sharp inequality at least once), the factors on the right 
hand side of (2) constitute some, but not all of those on the left, which is 
impossible since each factor is < 1. Finally, in the case p < r < q < s, q - r 
factors common to both members of (2) cancel out, and we are left with 
the casep<qdr<s. 
Suppose now that (1) (or (2)) holds for certain non-negative integers 
p < q < r -CC s. Since (2n + 1)/(2n + 2) is increasing and < 1, there must be 
more factors on the right of (2) than on the left: 
s-r>q-p. (3) 
We write 
2n+l 2 ( > n+(n+1)/(4n+3) n+6, -= 2n+2 n+l+(n+1)/(4?2+3)=n+1+6,’ 6, := s. (4) 
Since S, decreases from i to $ as 0 < n < co this leads for I< n < m to 
It follows by multiplication that 
and so 
P+h< r r+6 p+6, r+6 
q+6, s+6,’ q+s,‘lix$ (6) 
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that is, 





cf. (4), we obtain from (7) 
(8) 
In view of (3) and because sy 2 E,> 0, the former inequality (8) implies 
0<4(qr-ps)-(s-r-q+p). (9) 
It is well known that there is an odd prime number strictly between s 
and 2s (because s > 3 by (3)). If s 2 2r this prime factor is the numerator 
in one of the fractions on the right of (2) and does not cancel out, which 
is impossible. Consequently 
s < 2r. (10) 
Inserting this in the second inequality (6) we obtain 
p+& r+6 r+6 1 
4 + 6, 
)--->A=- 
s+6, 2r-h26, 2’ 
that is, q < 2p + 6,, whence 
9 G 2P, (11) 
q and p being integers and 0 < 6, < 1. 
Denoting by a(n) the sum of the digits in the binary representation of n 
we have for m, n = 0, 1, 2, . . . . 
a(n) G Clog,(n + 1 )I < $(n + 11, a(m + n) da(m) + a(n). 
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It is well known (and easily shown by induction) that the prime factor 2 
occurs precisely a(n) times in (c) = 2’“~~. From (1) therefore follows 
Lx(q) - 2q - u(p) + 2p = a(s) - 2s -cc(r) + 2r, 
and since a(q) > 1 (because q > l), this leads to 
s - r - q +p = +(E(s) - u(r) - u(q) + u(p)) 








4p + 3 
P 5 +---<- 
4p+3 12’ 
Combining this with (9) finally leads to 
0<4(qr-ps)-(s-r-q+p)<i, (12) 
which contradicts 4(qr -ps) - (s - r - q +p) being an integer. This 
completes the proof. 1 
Taking p = 0 in the theorem, and noting that p0 = 1, we obtain the 
following 
COROLLARY. The equation pqpr = ps has no solution with q > 0, r > 0. 
Remark. This corollary could be proved more directly and extended as 
follows. The equation 
&I b* *..rllq, =fls, (13) 
where m > 1 and all qi > 0, is non-solvable. In fact, since p,, < 1 for n > 0 and 
,u,, decreases when n increases, each qi must be <s; and writing 
r = max {q,, . . . . qm} we have s < 2r by the argument leading to (10) above. 
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It follows by (5) that 
On the other hand, p,/pL, should be the product of the remaining m - 1 
factors Pi,, which is impossible when m > 1 because p,,, < p, = 4. 
Finally, if we replace pL, on the right of ( 13) by a product of 2 factors h,, 
then there are non-trivial solutions when m > 2. For nz = 3 we have found 
one such solution: 
With 3 factors pL, on both sides there are infinitely many solutions, even of 
the particular form 
or equivalently 
2p-1 2q-12r-1 -=-- 
2p 2q 2r ’ 
(15) 
which requires that p is even. Writing p = 2n, n = 1, 2, 3, . . . . (15) reduces to 
(q-2n)(r-2n)=n(4n-l), 
which is satisfied, e.g., by (p, q, r) = (2n, 3n, 6n - 1). For IZ = 1 and n = 2 
this gives the solutions &pLq = p,p3p5 and ~Lq~5~r0 = p3pLgp,, . An example 
of a solution not of the type (14) is &~,8=~,~~~,7. 
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